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Abstract 
All 974 (r, I)-designs with at most 12 points are constructed. Most of them are configurations (u,, bk). 
Moreover, as further examples, regular graphs and also some unknown and more irregular 
structures appear. 
1. Introduction 
1.1. Definition and notation 
Definition 1.1. A linear space is a finite incidence structure of v points and b lines such 
that: 
(a) each line contains at least 2 points, and 
(b) 2 different points are on exactly one common line. 
Remark 1.2. If through each point Pj (1 Q j< v) there are I lines, such a linear space is 
called an (r, 1)-design. 
There are a lot of results about linear spaces and (r, I)-designs but most of them are 
not much related to the contents of this paper, since they collect general facts instead 
of investigating all small examples systematically. In my opinion this is, however, very 
useful, or as Buekenhout [3] says: 
‘A standard approach to finite structures is to enumerate and investigate the 
smallest models in a systematic way.’ 
It will turn out in this paper that (r, 1)-designs are closely related to configurations. 
For further references about configurations see [S]. Some papers about linear spaces 
which enumerate small examples are mentioned in Section 1.2. 
Some important notations are introduced as follows. u and r denote the number of 
points and the degree of points. Their difference is called A = v-r. For each A there is 
a certain number of different point types, denoted by Ad, Bd and so on. An i-line is 
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a line of size or length i, i.e. it has i points. The number of i-lines through a given point 
is denoted by li. The types of (r, l)-designs are described in Section 5. In all examples 
the points are denoted by numbers from 1 to u where points are ordered by the 
alphabetical order of their point types. 
1.2. Enumeration of linear spaces 
Until now, all linear spaces with at most 10 points have been enumerated. In 1967 
Doyen [S] determined all linear spaces with u points, where 0 d v < 9. This work was 
continued by Glynn (see Cl]), who determined the number of linear spaces with 10 
points. The numbers N(o) of nonisomorphic linear spaces with u points and the 
numbers C(o) of nonisomorphic linear spaces with at most v points are shown below. 
The cases of u = 0 and u = 1 are included as in [S] although usually a linear space must 
contain at least 2 points. 
u 01234 5 6 7 8 9 10 
N(u) 1 1 1 2 3 5 10 24 69 384 5250 
C(u) 1 2 3 5 8 13 23 47 116 500 5750 
Recently, Betten and Braun [1] determined that there are at least 232 923 different 
linear spaces with 11 points which can be distinguished by certain parameters. 
Probably there are more linear spaces than 232923 if there are some with the same 
parameters but which are not isomorphic. 
Linear spaces without lines of length 2 have been investigated in 1973 by Kelly and 
Nwankpa [14]. They constructed all such linear spaces with at most 14 points. All 120 
linear spaces with 15 points without 2-lines were constructed by Brouwer [2] in 1981. 
Most of the other results which have been obtained on linear spaces until now are 
concerned with linear spaces where the number of lines is only slightly greater than the 
number of points. All these linear spaces are more or less small variations of finite 
projective planes. 
1.3. Organization of the paper 
In the following all (r, l)-designs with at most 12 points are constructed. The result 
is the following theorem. 
Theorem 1.3. There are exactly 974 (r, l)-designs with at most 12 points. 
It will turn out that a lot of combinatorial structures are used for their description, 
Especially important are configurations (u,,bk). In Section 2 it is explained how 
configurations can be interpreted as (r, l)-designs. 
Section 3 explains the general strategy of the enumeration procedure. In the first 
step all possible point types are computed for a given A = u-r, where u is the number 
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of points. A point type describes on how many lines of each size a point lies. For small 
A and for small r all (r, 1)-designs are enumerated. 
For the other cases the enumeration is continued in Section 4, where the necessary 
conditions for point-type distributions are considered. A few nonexistence proofs for 
certain cases follow at the end of this section. 
Section 5 contains a classification of all (I, I)-designs into 8 types. The types are 
described and some already known numbers of solutions for certain point-type 
distributions together with references are given. 
The last section contains (at least I hope so) all the necessary information about all 
solutions. Of course, the length of this paper is somehow limited. The first table 
contains the exact values of (Y, 1)-designs with v points for 2 6 v < 12 and 1 <I < v - 1. 
The second table compares the numbers of linear spaces, (r, 1)-designs and configura- 
tions. At last a lot of (r, l)-designs are given explicitly (but without 2-lines). All the 
other designs which cannot be found there can be found in lists somewhere else 
(References!) or should be constructed by the reader easily. 
2. Configurations as (r, 1)-designs 
Definition 2.1. A conjiguration (v,, bk) is a finite incidence structure with the following 
properties: 
(a) There are v points and b lines. 
(b) There are k points on each line and Y lines through each point. 
(c) Two different lines intersect each other at most once and dually two different 
points are connected by a line at most once. 
These configurations were investigated towards the end of the last century and 
extensively again during the last 5 years. For further details and references ee [S] as 
well as [6,7,9-121. 
At first, configurations and (r, 1)-designs eem to be opposite structures. A config- 
uration has constant parameter k and variable parameter 1=0,1 whereas in a (r, l)- 
design A= 1 is constant and the line size k is variable (1 is the usual notation for this 
parameter in design theory). The only structures which are configurations as well as 
(r, 1)-designs are Steiner systems. 
However, from a different point of view ‘every configuration is an (Y, 1)-design’. The 
following graph is naturally associated to each configuration. 
Definition 2.2. The conjiguration graph of a configuration has the point set as set of 
vertices. Two vertices are connected by an edge iff the corresponding points are not 
collinear in the configuration. 
Now take the edges of this graph and join them as lines of length 2 to the lines of 
length k. The obtained structure is a linear space with kiE{2, k} and constant 
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r = rc + d, where d is the degree of the regular configuration graph (or the deficiency of 
the configuration) and rc denotes the parameter of the configuration in order to 
distinguish it from the parameter in the (r, 1)-design. Hence, the following remark is 
true. 
Remark 2.3. Each configuration can be interpreted as an (r, l)-design. 
In the following an (r, 1)-design with lines of lengths 2 and k is called a configuration. 
3. Enumeration methods and general results 
3.1. The point types 
For given A = u - r the following two equations hold. Denote by ri the number of 
i-lines through a given point. Since any 2 points are connected by exactly one line, 
equation (1’) holds. 
u-1=r2+2r3+3r4+...+(u-l)r’,. (1’) 
Since any point is incident with exactly r lines, equation (2) holds. 
r=r2+r3+r4+ ... +r,. (2) 
Equation (1) is the difference of (1’) and (2). 
u-r-l=rr,+2r,+...+(u-2)r,. (1) 
Since ri > 0 it follows from (1) that ri = 0 for i > u - r + 2. Moreover, if r 2 2, in an 
(r, I)-design the longest possible line is of size r. (Otherwise, a point not on this line of 
size greater than r is not connected to all points on this line.) 
3.2, A=u-r=l or A=u-r=2 
If u-r = 1, the only possible linear space is the complete graph K,, i.e. the linear 
space on u points where all lines are 24nes. This is, of course, unique for every u. 
If u-r = 2 then every point lies on 1 3-line and r - 1 2-lines. Hence, the number of 
points is a multiple of 3. The unique solution is then given by the union of a certain 
number of 34ines. All other connections are realized by 24ines. 
3.3. r small 
If r = 1 there is a unique solution for each u. All points lie on one u-line. 
If r = 2, take one point. All other points lie on 2 lines through this point. However, if 
one of these lines contains more than 2 points there is a contradiction. Hence, there is 
exactly 1 (2,1)-design. This is K3. 
This result can be generalized in an obvious way to obtain the following lemma. 
Configurations and (r. I)-designs 117 
Lemma 3.1. The number of points in an (I, 1)-design (1-22) is at most r2-r+ 1. 
3.4. 3<A=v-r<7 
In the following, equations (1) and (2) are solved in nonnegative integers. Each 
solution defines a point type Xd , where X is a letter of the alphabet and A denotes to 
which v-r the type belongs. 
A3 
B3 
A4 
B4 
c4 
A5 
B5 
C5 
05 
ES 
A6 
B6 
c6 
06 
E6 
F6 
G6 
A7 
B7 
c7 
07 
E7 
F7 
G7 
ff7 
17 
57 
K7 
r4 r3 rz 
1 0 r-l 
0 2 r-2 
r5 r4 r3 r2 
1 0 0 r-l 
0 1 1 r-2 
0 0 3 r-3 
r6 r5 r4 r3 r2 
1 0 0 0 r-l 
0 1 0 1 r-2 
0 0 2 0 r-2 
0 0 1 2 r-3 
0 0 0 4 r-4 
r7 r6 r5 r4 r3 r2 
1 0 0 0 0 r-l 
0 1 0 0 1 r-2 
0 0 1 1 0 r-2 
0 0 1 0 2 r-3 
0 0 0 2 1 r-3 
0 0 0 1 3 r-4 
0 0 0 0 5 r-5 
63 r7 r6 r5 r4 f-3 r2 
1 0 0 0 0 0 r-l 
0 1 0 0 0 1 r-2 
0 0 1 0 1 0 r-2 
0 0 1 0 0 2 r-3 
0 0 0 2 0 0 r-2 
0 0 0 1 1 1 r-3 
0 0 0 1 0 3 r-4 
0 0 0 0 3 0 r-3 
0 0 0 0 2 2 r-4 
0 0 0 0 1 4 r-5 
0 0 0 0 0 6 r-6 
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For example, point type 0, means that such a point lies on 1 6-line, on 2 3-lines, and 
on r - 3 2-lines. Since no i-lines are allowed for i > r certain types are impossible for 
small values of r. Also the fact that r2 2 0 does not allow certain types for small values 
of r. 
3.5. A=v-r=8 
This case is not solved in general here but only for v= 12, r =4. 
Equations (1) and (2) imply the only possible point type L,, which means that 
a point lies on 3 4-lines and on 1 3-line. 
4. The construction of all (r, 1)-designs with v < 12 
After having determined all possible point types in the previous section the problem 
arises to compute all possible point-type distributions and then to construct all 
(r, 1)-designs in each case. The first case which will be considered is v-r = 3 since the 
cases with v-r < 2 are already completely solved in Section 3.2. For every value of 
v-r all possible point distributions are computed for v< 12 and listed in Section 6. 
For every value of v-r = i there are the following equations. 
Of course, each point is of one of the possible types 
Uj+bj+Ci+ “‘=V, (3) 
where Ui, bi, ci, . . . are the numbers of points of types Ai, Bi, Ci, . . . 
Let ni be the number of i-lines in the (r, 1)-design. For each column in the table of 
point types there is an equation (Zj) by counting the flags of points and j-lines. 
There are the following inequalities which rule out a lot of nonexisting cases. For 
example, if a certain point lies on i 4-lines and j 3-lines this is a contribution of 
i (i - 1)/2 intersections of 4-lines, of j (j - 1)/2 intersections of 3-lines and of q intersec- 
tions of a 4-line and a 3-line. The sum of these contributions of all points in the 
(r, 1)-design must not be greater than the numbers of intersections given by the total 
number of lines of the corresponding sizes. 
There are further conditions for certain values of A = v - r which correspond to the 
special point types and will be explained in the following subsections. 
4.1. A=v-r=3 
Equation (3) as a3 + b3 = u: 
(Z,) a3=4n4, 
(Z,) 2b3 = 3n,. 
These equations imply that a3 =_ 0 mod (4) and b3 = 0 mod (3). Furthermore, if b3 2 1 
then b3 >, 5. All solutions for 6 du < 12 are given in Section 6.1. 
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4.2. A=v-r=4 
Equation (3) as a4 + b4 + c4 = v: 
(Z,) a4=5n5, 
(Z,) b4=4a4, 
(Z,) b4+3c4=3n3. 
These equations imply that b4zOmod(12) and a4rOmod(5). If CA> 1 then 
b4 + c4 2 7. For 7 <v < 12 there are 9 different point-type distributions (see Section 6.2). 
4.3. A=v-r=5 
Equation (3) as a5 + b5 + c5 +d, + e5 = v: 
G) a5=6ns, 
(G) b5=5n5, 
(z,) 2c,+d5=4n4, 
(Z,) b5+2d5+4e5=3n3. 
For 9<v< 12 there are 12 different point-type distributions (see Section 6.3). 
Further solutions of the equations and inequalities are ruled out by the following 
necessary conditions: ns 2 7 if e5 3 2, n3 3 9 if e5 2 3, n3 > 10 if e5 B 4. This follows from 
the fact that a certain number of points of type E5 implies a minimal number of 3-lines. 
For all A 3 5 a computer is used to find all point-type distributions. 
4.4. A=v-r=6 
Equation (3) as a6 + b6 + cs + ds + e6 +fs + g6 = v: 
(z,) a6=7n7? 
(z,) b6=6n6, 
(z,) ‘-6+d6=%, 
(z4 ) c6 + 2e6 +f6 = 4n4? 
(z,) bg+2ds+e6+3_&+5g6=3ns. 
For 10 6 v < 12 there are 9 different point-type distributions (see Section 6.4) with at 
least one solution and 3 further point-type distributions with no solutions (see 
Sections 4.7.1-4.7.3). 
4.5. A=v-r=7 
Equation (3) as a7 + b7 + c7 +d7 + e7 +f7 +g7 + h7 + i7 +j, + k, = v: 
G) a7=8ns, 
G) b, = 7n7, 
(&I ++&=6%, 
(Z5) 2e7+f7+g7=%, 
(Z4) c7 +f7 + 3h7 + 2i7 +j, = 4n4, 
(Z,) b7+2d7+f,+3g7+2i7+4j7+6k7=3n3. 
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For 11 <u < 12 there are 7 different point-type distributions (see Section 6.5) with at 
least one solution and 2 further point-type distributions with no solutions (see 
Sections 4.7.4 and 4.75). Further solutions of the equations and inequalities are ruled 
out by the following necessary conditions (since a7 = b7 = c, = d7 = k7 =0 for v < 12 
they are omitted): 
e7+f7+g7>,9 if e7>,1, e7+h7dr if g731, e7+g,dr--3 if h,>,l, 
e7+g7<r if i7>/1, e7+h,<r+2 if i7>1, e,+h7<r-2 ifj7>l. 
4.6. A=v-r=8 
Since for v= 12 there is only one point type L8 the only point-type distribution is 
1, = 12. There is a unique (r, 1)-design with such a distribution. It is of type C +. See 
Section 5.4.1. 
4.7. Nonexistence proofs 
Equations (3) and (Zi) together with the inequalities and necessary conditions 
mentioned above must be solved in order to obtain all the possible point distributions. 
At the end of this section those distributions are shown for which there is at least one 
(r, 1)-design. In the following all proofs are collected where for a certain point-type 
distribution there is no (r, 1)-design. As already remarked in Section 1.1 the points are 
always denoted by numbers from 1 to u according to the alphabetical order of their 
point types, i.e. if e6 = 9, f6 = 2 then the points of type E6 are the points 1,2, . . . ,9 and 
the 2 points of type F, are called 10 and 11. 
4.7.1. v=ll, r=5, e6=9, f6=2, n4=5, n3=5, n2=10, b=20 
The 5 3-lines contain the points of (1,2, . . . ,9} once each and the points 10 and 11 
three times each. Hence, it can be assumed that the 5 3-lines are 
{ 1, IO,1 l}, (293, lo}, {4,5,10>, (6,771 l}, (8,921 l}. 
There is exactly one 4-line through point 10 containing 3 points of {6,7,8,9}. This is 
not possible (compare the 3-lines through point 11). 
4.7.2. v=12, r=6,e,=l,f,=lO, g6=1, n4=3, n3=12, nz=12, b=27 
There is one 4-line containing only points of type F6, say { 8,9,10,1 l}. Since each of 
them lies on 3 3-lines and there are 12 3-lines altogether no point can be incident with 
more than 4 3-lines. However, point 12 has type Gs and should lie on 5 3-lines. This is 
a contradiction. 
4.7.3. v=12, r=6, cg=2, dg=3, e6=3,f6=4, n5=l, n4=3, n,=7, n,=17, b=28 
The unique 5-line is (1,2,3,4,5}. Each point of (6,7, S} is on a 4-line twice. Hence, 
the 3 4-lines are 
(1,9,6,7}, {2,10,6,8}, {11,12,7>8). 
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Each point of {9,10,11,12} is on 3 3-lines. Since 11 and 12 are joined by a 4-line at 
least 5 connections in {9,10,11,12) are possible on a 3-line. Hence, 5 of the 7 3-lines 
contain 2 points of {9,10,11,12} each and the other two 3-lines contain one point, 11 
and 12, respectively. On the other hand, point 8 is on one of these 7 3-lines. Being 
already joined to points 10, 11, and 12 this is a contradiction. 
4.7.4. v=12, r=5, h7=1, i7=10, j7=1, n4=6, n,=8, nz=6, b=20 
Point 1 is of type H7, point 12 is of type J7. They must be connected on a 4-line. 
Hence, the 6 4-lines are 
{1,2,3,12j, {1,4,5,61, {1,7,8,9), 
(2,4,7, lo}, {3,5,8,11}, {6,9,10,11). 
Now consider the 4 3-lines without point 12. Two of them contain point 2, the other 
two contain point 3. The remaining 8 points are the 8 points of {4,5,6,7,8,9,10,1 l}. 
Because of the 4-lines it follows that point 2 is joined with 5 and 11 on two different 
lines, point 3 is joined with 4 and 10 on two different lines. However, point 6 is already 
connected with 4,5,10, and 11. This is a contradiction. 
4.7.5. v=12, r=5, h7=3, i,=6, j7=3, n4=6, n3=8, n2=6, b=20 
The points of { 1,2,3} and those of (10, 11,12} must be connected on 4-lines. 
However, each of 10, 11, and 12 are on only one 4-line. This leads to a contradiction. 
4.8. The point-type distributions 
In the following subsections all point-type distributions are shown for which there 
is at least one (Y, 1)-design and where v is large enough (in order to avoid trivial cases) 
for 3 < v - r < 7. In the column Remarks hints on further comments in Section 5 and/or 
an explicit description in Section 6 are given. 
4.8.1. v=r+3 
v a3 b3 Number Type Remarks 
606 1 G 5.2.1 
880 1 L 5.5 
909 2 G 5.2.1 
1046 1 L 5.5 
12 0 12 6 G 5.2.1 
12 12 0 1 L 5.5 
4.8.2. v=r+4 
v a4 b4 cq Number Type Remarks 
7 0 0 7 1 C 5.1.4 
8 0 0 8 1 C 5.1.4 
9 0 0 9 3 C 5.1.4 
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10 0 0 10 10 C 5.1.4 
10 10 0 0 1 L 5.5 
11 0 0 11 31 C 5.1.3 
12 0 0 12 229 C 5.1.2 
12 0 12 0 1 Gr 6.2.4 
12 5 0 7 1 L 5.5 
4.8.3. v=r+5 
v a5 b5 G d5 e5 
9 00 0 0 9 
9 00 3 6 0 
10 0 0 0 8 2 
10 0 0 10 0 0 
11 00 0 4 7 
11 00 5 6 0 
12 0 0 0 0 12 
12 0 0 0 12 0 
12 0 0 1 10 1 
12 00 2 8 2 
12 0 0 12 0 0 
12 12 0 0 0 0 
Number Type Remarks 
1 C 5.1.6 
1 c+ 5.4.2,6.3.10 
2 G+ 5.3.2,6.3.3 
1 G 5.2.2 
7 F 6.1.1 
1 c+ 5.4.2,6.3.11 
574 c 5.1.1 
8 G+ 5.3.1,6.3.2 
8 F 6.1.2 
17 F 6.1.3 
1 G 5.2.2 
1 L 5.5 
4.8.4. v=r+6 
v a6 b6 c6 ds e6 f6 gs Number Type 
10 0 0 0 0640 1 0 
110 0 0 0083 2 G+ 
110 0 0 01001 1 G+ 
12 0 0 0 00012 5 c 
12 0 0 0 0 012 0 4 c+ 
12 0 0 0 0282 10 F 
12 0 0 0 0363 3 G+ 
12 0 0 0 01200 1 G+ 
12 0 0 0 10 0 0 2 2 G+ 
Remarks 
6.2.1 
5.3.2,6.3.4 
5.3.1,6.3.5 
5.1.5 
5.4.1,6.3.1 
6.1.4 
5.3.1,6.3.6 
5.3.1,6.3.7 
5.3.2,6.3.8 
4.8.5. v=r+7 
v al b, c7 d7 e7 f7 g7 h, i7 j, k7 Number Type 
110 0 0 0 0 0 0 2 9 00 1 0 
120 0 0 0 0 0 0 0 0 12 0 2 c+ 
120 0 0 0 0 0 0 012 00 1 G+ 
120 0 0 0 0 0 0 2 8 20 1 F 
12 0 0 0 0 0 0 0 12 0 0 0 1 C 
120 0 0 0 16 2 0 3 00 1 0 
120 0 0 0 3 0 9 0 0 00 1 c+ 
Remarks 
6.2.2 
5.4.1 
5.3.1,6.3.9 
6.1.5 
5.1.6 
6.2.3 
5.4.1 
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5. Types of (v, 1)-designs 
In this section the 974 (I, 1)-designs are discussed by classifying them according to 
the following list of types. Of course, this choice of types is not the only possible. 
However, it seems to be quite useful due to historical reasons. 
In many cases the structures below have been known for a long time (in some 
instances for more than 100 years). This made it possible to succeed in determining all 
(I, 1)-designs with at least 12 points. I recommend to the reader several papers on these 
historical results; these papers will be cited in the corresponding subsection. Due to 
the wish of one of the referees, no historical notes are mentioned in the following text. 
Type Number Description 
C 856 Configurations 
F 43 Nonregular graphs 
G 22 Regular graphs 
G+ 20 Regular graphs with additional properties 
L 19 Nonconnected linear spaces 
c+ 10 Configurations with additional properties 
Gr 1 Grid 
0 3 Others 
The types C, G, and C + are shortly described with references to other papers. The 
types F and G+ will be discussed in [12] in detail. The types L, Gr, and 0 are 
described here. 
5.1. Conjigurations 
In the following the word configuration is abbreviated by cfz. (in Italian: configur- 
azione). 
An (r, 1)-design is classified as a configuration if it contains only lines of size k (and 
possibly lines of size 2) and if they cannot be interpreted as regular graphs (compare 
Section 5.2). 
5.1.1. Cfz. (12,,16s), v=12, r=7, eS=12 
There are exactly 574 configurations (124, 16,). For further details see [9,11]. In [9] 
all 574 configurations are constructed in a brief report. More information can be 
obtained from [ll]. 
5.1.2. Cl;. 123, v=12, r=8, c,=12 
There are exactly 229 configurations 123; for further details see [6, 4). 
5.1.3. Cfz. 113, v=ll, r=7, c4=ll 
There are exactly 31 configurations 113; for further details see [15]. 
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5.1.4. Cfz. n3, n<lO, r=v-4, v=cq 
There are exactly 10 configurations 103, 3 configurations 93, 1 configuration S3, 
and 1 configuration 73; for further details and tables see [13,15]. 
5.1.5. Cfz. (125,203), v=12, r=6, gs=12 
There are exactly 5 configurations (125, 203), see [16]. 
5.1.6. The afine plane of order 3 and its dual 
The unique affine plane of order 3 is a configuration (94, 123). Its dual is a config- 
uration (123,94). However, the corresponding linear spaces are not duals of each 
other. 
5.2. Regular graphs 
In this subsection all regular graphs and duals of regular graphs are described 
which occur in the list of (r, 1)-designs. There are altogether 22 of them. In fact, regular 
graphs and their duals are only special cases of configurations with k = 2 or r = 2. For 
more details see [lo]. 
5.2.1. Duals of 3-regular graphs, v = r + 3, v = b3 E 0 mod (3) 
There are 1 cfz. (62,43), 2 cfz. (92, 63), and 6 cfz. (122, 83) which are duals of cubic 
graphs on 4,6, and 8 vertices respectively. This was proved in [lS, 191. For further 
details see [lo]. 
5.2.2. Duals of 4-regular graphs, v = r + 5, v = cg s 0 mod (2) 
There are 1 cfz. (102, 54) and 1 cfz. (12,) 64) which are duals of 4-regular graphs with 
5 and 6 vertices respectively. This was also proved in [18]. 
5.2.3. Complete graphs, v = r + 1 
As regular graphs and not their duals are concerned only complete graphs occur. 
There is one complete graph for every number of vertices from 2 to 12, hence 
altogether 11 complete graphs (compare Section 3.2). 
5.3. Regular graphs with additional properties 
There are altogether 20 (r, 1)-designs classified as type G + . For a more detailed 
discussion see [ 121. 
5.3.1. Regular graphs with one-factorizations 
The graph 
v=12, r=7, dg=12 
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can be considered as a cubic graph with 8 vertices together with a one-factorization 
(i.e. a 3-colouring of the edges such that each vertex is incident with an edge of each 
colour). The enumeration of these structures is contained in [17]. Since [17] does not 
contain tables the 8 structures are exhibited in Section 6.3.2. 
The graph 
u= 12, r=6, e6= 12 
is a 4-regular graph with 6 vertices and a one-factorization. This structure is unique 
[17] and exhibited in Section 6.3.7. 
The graph 
u=ll, r=5, e6=10, gs=l 
is a near l-factorization of the complete graph K5 which is unique (see Section 6.3.5). 
The graph 
v=12, r=6, e6=3, f6=6, g6=3 
can be described as the 3-colouring of the cubic graph with 6 vertices whose 
complement is a 6-cycle. By analysing this 6-cycle it is shown that there are exactly 
3 designs (see Section 6.3.6). 
The graph 
u=12, r=5, i7=12 
is a 4-regular graph with 6 vertices with 2 orthogonal 1-factorizations. This is unique 
(see Section 6.3.9). 
5.3.2. Bipartite regular graphs 
The graph 
v=12, r=6, &=lO, g6=2 
is a bipartite 2-regular graph with 10 vertices. There are 2 nonisomorphic structures, 
either a hamiltonian cycle of length 10 or the union of a 6-cycle and a 4-cycle (see 
Section 6.3.8). 
The graph 
u=lO, r=5, dg=8, es=2 
is a bipartite 2-regular graph with 8 vertices. As above there are 2 solutions (see 
Section 6.3.3). 
The graph 
v=ll, r=5, f6=8, g6=3 
is a 3-regular bipartite graph with 8 vertices. There are again 2 solutions (see Section 
6.3.4). 
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5.4. Conjigurations with additional properties 
There are altogether 10 (r, 1)-designs classified as type C+. 
5.4.1. Conjigurations with cliques in their conjiguration graph 
The configuration 
u=12, r=5, e-,=3, g7=9 
can be considered as a cfz. 93 having 3 disjoint triangles as the configuration graph. 
The cfz. 93 and their configuration graphs were already determined by Kantor [ 131 in 
1881. There is exactly 1 configuration as described above. 
The Configuration 
v=12, r=5, j7=12 
can be considered as a cfz. (124, 163) having 3 disjoint complete graphs K4 as the 
configuration graph. There are exactly 2 such configurations constructed by Hesse in 
1848 and de Vries in 1889 (compare Section 5.1.1 and [9,11]). This is equivalent o the 
fact that there are exactly 2 Latin squares of order 4 (up to obvious equivalence 
operations). They correspond to the two different groups of order 4: the cyclic group 
Z4 and the elementary abelian group E 4. It is astonishing that in papers on linear 
spaces these (r, 1)-designs are referred to as ‘the Nwankpa-Shrikhande plane’ and ‘the 
finite projective plane of order 4 less 2 lines and all their points but the point of 
intersection’ although their origin is very old and their mathematical connections to 
Latin squares and group theory quite clear. 
The Configuration 
u= 12, r=6,&= 12 
can be considered as a cfz. 123 with a configuration graph containing 3 disjoint cliques 
&. This problem is discussed in [7] where blocking sets in configurations 123 are 
investigated. A blocking set of size 4 is the same as a K4 in the configuration graph. It 
can be concluded from the results of [7] (although it is not mentioned there explicitly) 
that there are exactly 4 configurations with 3 disjoint blocking sets of size 4. They are 
exhibited in Section 6.3.1. 
The Configuration 
v=12, r=4, Is=12 
can be considered as a cfz. (123,94) having 4 disjoint complete graphs K3 as the 
configuration graph. This is the dual of the affine plane of order 3. 
5.4.2. Conjiguration (62r43) with additional 4-lines 
The Configuration 
v=9, r=4, cg=3, dg=6 
is a configuration (62,43) with 3 4-lines (see Section 6.3.10). 
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The Configuration 
u=ll, r=6, cg=5, dg=6 
is a configuration (62,43) with 4 4-lines (see Section 6.3.11). 
5.5. Nonconnected linear spaces 
This type also includes linear spaces which consist of just one line of v points (Y = 1). 
Of course, two linear spaces with disjoint point sets can be used to construct the 
‘union’ of these spaces which has as point set the union of the 2 point sets where 
2 points belonging to different sets are connected by 2-lines. There are exactly 19 
nonconnected (r, 1)-designs with u < 12 belonging to this type. 
For v-r = 2 there are 4 such designs, the union of 1,2,3, and 4 3-lines. 
For v-r = 3 there are also 4 designs, the union of 1,2, and 3 4-lines as well as the 
union of a 4-line and the configuration (62,43). 
The 3 designs with u-r =4 are union of 1 and 2 5-lines as well as the union of 
a 5-line and the Fano configuration 73. 
For v-r = 5 there are 2 designs, the union of 1 and 2 6-lines. 
For all 6 ,< v - r ,< 11 there is only a single v-r + l-line. 
5.6. Nonregular graphs 
Type F contains all (r, l)-designs which are related to colouring problems of 
nonregular graphs. The investigation of these structures is more complicated and will 
be discussed in a further paper [12]. However, all 43 (r, l)-designs of this type are 
tabled in Section 6.1. Especially for values of u greater than 12 a large variety of 
interesting structures is waiting for investigation and may necessitate splitting this 
type into subtypes later on. 
5.7. The grid and other (r, 1)-designs 
Type Gr (grid) contains only one (r, l)-design with v < 12. However, this was chosen 
to be a type of its own since grids are well known in the theory of linear spaces. See 
also Section 6.2.4. 
Type 0 (Others) contains all (r, 1)-designs which could not be classified otherwise. 
This may be a preliminary decision and revised in a later step of the investigation of 
(r, I)-designs. See also Section 6.2. 
6. Tables 
In this last section all tables which contain results are collected. Table 1 shows the 
number of (r, 1)-designs with v points for all possible values 2 < v < 12 and 1 < r < v - 1. 
The column C gives the number of all (r, l)-designs with a fixed v. 
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Table 2 compares the numbers of linear spaces, of (I, 1)-designs, and of configura- 
tions with u points which are denoted by N(u),N,(u),N,(u), respectively. While the 
property of being an (Y, 1)-design is true only for a very small set of linear spaces 
‘nearly all’ (I, l)-designs are configurations. This is at least true for u< 12 but will be 
probably also true for greater u. Here only structures of type C are counted as 
configurations, not those of types G, C +, and G + , which are in fact special config- 
urations (G) or very close to them (C + and G + ). 
A conclusion of the paper could be that: 
(i) configurations are typical examples of (r, 1)-designs and 
(ii) the ‘few other’ (Y, 1)-designs are also worth investigating. 
In the following some of the 974 designs are exhibited explicitly (all 2-lines are 
omitted). The bold numbers 1,2, . . . can be used to refer to a design where several 
nonisomorphic ones exist. The lines are written vertically following an old tradition of 
the last century. This method fills pages in a more reasonable way, at least if k is small 
and b is not too large. 
Table 1 
r x U-l v-2 v-3 v-4 v-5 v-6 V-l v-8 v-9 v-10 v-11 
V 
2 1 1 
3 2 1 1 
4 2 1 0 1 
5 2 1 0 0 1 
6 4 1 1 1 0 1 
I 3 1 0 0 1 0 1 
8 4 1 0 1 1 0 0 1 
9 10 1 1 2 3 2 0 0 1 
10 18 1 0 1 11 3 1 0 0 1 
11 45 1 0 0 31 8 3 1 0 0 1 
12 883 1 1 I 231 609 25 I 1 0 0 1 
Table 2 
V N(v) N,(v) NC(V) 
I 24 3 1 
8 69 4 1 
9 384 10 4 
10 5 250 18 10 
11 2232923 45 31 
12 883 809 
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6.1. (Y, l)-designs of type F 
6.1.1. v=ll, r=6, dg=4, e5=7, n4=1, n,=12, n2=13, b=26 
11112233445567 
2575678696889 
3 10 8 11 9 10 11 11 10 7 9 10 11 
4 
21112233445567 
2575667896889 
3 10 8 11 9 11 10 11 10 7 9 10 11 
4 
31112233445567 
2575768696889 
3 10 8 11 10 9 11 11 10 7 9 10 11 
4 
41112233445567 
2575968676889 
3 10 8 11 10 9 11 11 10 7 9 10 11 
4 
51112233445567 
2585767696889 
3 10 11 11 10 9 8 11 10 7 9 10 11 
4 
61112233445567 
2565779686889 
3 10 11 11 10 8 10 9 11 7 9 10 11 
4 
71112233445567 
2585967676889 
3 10 11 11 10 9 8 11 10 7 9 10 11 
4 
6.1.2. v=12, r=7, cg=l, dg=lO, e5=1, n4=3, n3=8, nz=24, b=35 
111323782468 
2 6 4 4 5 10 9 3 5 9 10 
5 7 9 6 7 11 11 12 12 12 12 
11 8 10 
211223462347 
3 5 6 9 5 5 8 8 10 6 11 
4 8 7 11 7 10 9 12 12 12 12 
9 11 10 
311223592468 
3 6 5 4 7 7 10 3 5 11 10 
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4 7 8 6 8 9 11 12 12 12 12 
9 10 11 
411223462345 
3 5 6 8 7 5 10 11 9 6 7 
4 8 7 10 8 9 11 12 12 12 12 
10 11 9 
511323582467 
2 6 4 4 7 9 10 3 5 11 9 
5 7 9 6 8 10 11 12 12 12 12 
8 10 11 
611223442356 
3 5 6 7 8 5 6 10 11 8 7 
4 9 8 9 9 11 10 12 12 12 12 
7 10 11 
711223452479 
3 7 4 6 8 6 8 3 5 11 10 
5 8 9 7 9 10 11 12 12 12 12 
6 10 11 
811323782478 
2 6 4 4 5 10 9 3 5 9 10 
5 7 9 6 6 11 11 12 12 12 12 
11 8 10 
6.1.3. u=12, r-=7, cg=2, dg=8, eS=2, n4=3, n3=8, n,=24, b=35 
111235793468 
2 3 4 4 6 8 10 10 5 7 9 
6 5 8 11 11 11 11 12 12 12 12 
9 7 10 
211235793468 
2 3 4 4 6 8 10 10 5 7 9 
8 5 6 11 11 11 11 12 12 12 12 
10 7 9 
311235793468 
2 3 5 4 6 8 10 10 5 7 9 
4 6 7 11 11 11 11 12 12 12 12 
8 9 10 
411235793468 
2 3 5 4 6 8 10 10 5 7 9 
4 6 8 11 11 11 11 12 12 12 12 
7 9 10 
511235793478 
2 4 6 4 6 8 10 6 5 10 9 
3 7 8 11 11 11 11 12 12 12 12 
5 9 10 
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611235793478 
2 4 3 4 6 8 10 6 5 10 9 
6 7 5 11 11 11 11 12 12 12 12 
10 9 8 
711233468458 
2 4 5 911 5 7 9 7 610 
3 6 7 10 12 11 11 11 12 12 12 
8 9 10 
811233468458 
2 3 4 911 5 7 9 7 610 
5 7 6 10 12 11 11 11 12 12 12 
10 8 9 
911233468457 
2 5 6 9 11 5 7 9 6 8 10 
3 7 8 10 12 11 11 11 12 12 12 
4 9 10 
10 1 1 2 3 3 4 6 8 4 5 7 
2 6 4 9 11 5 7 9 6 8 10 
3 8 7 10 12 11 11 11 12 12 12 
5 10 9 
11 1 1 2 3 3 4 6 8 4 5 7 
2 4 5 9 11 5 7 9 6 8 10 
3 7 6 10 12 11 11 11 12 12 12 
8 9 10 
12 1 1 2 3 3 4 6 8 4 5 7 
2 3 5 9 11 5 7 9 6 8 10 
4 7 6 10 12 11 11 11 12 12 12 
9 8 10 
13 1 1 2 3 3 4 6 8 4 5 7 
2 3 5 9 11 5 7 9 6 8 10 
7 4 6 10 12 11 11 11 12 12 12 
9 8 10 
14 1 1 2 3 3 4 6 8 4 5 7 
2 3 4 9 11 5 7 9 6 8 10 
10 6 7 10 12 11 11 11 12 12 12 
5 8 9 
15 1 1 2 3 3 4 6 8 4 5 7 
2 3 4 9 11 5 7 9 6 8 10 
10 6 7 10 12 11 11 11 12 12 12 
8 5 9 
16 1 1 2 3 3 4 6 8 4 5 7 
2 3 6 911 5 7 9 6 810 
4 5 8 10 12 11 11 11 12 12 12 
9 7 10 
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17 1 1 2 3 3 4 6 8 4 5 7 
2 3 6 9 11 5 7 9 6 8 10 
5 4 8 10 12 11 11 11 12 12 12 
9 7 10 
6.1.4. v=12, r=6, e6=2,f,=8, g6=2, n4=3, n3=12, n2=12, b=27 
111 2 1334 2 4 6 7 3 4 5 6 
25 811 567 5 8 10 9 7 910 8 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
211 2 1334 2 4 6 7 3 4 5 7 
25 811 567 5 810 910 6 9 8 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
311 2 1334 2 4 6 7 3 4 6 7 
25 811 567 5 910 810 5 8 9 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
411 2 1334 2 4 5 6 3 4 6 7 
25 811 567 7 8 91010 5 8 9 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
511 2 1334 2 4 5 6 3 4 5 6 
25 811 567 7 8 910 7 910 8 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
611 2 3 334 14 6 7 2 4 5 7 
25 811 567 8 510 9 6 910 8 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
711 2 3 334 14 6 7 2 4 5 6 
25 811 567 8 510 9 7 910 8 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
811 2 3 334 14 5 7 2 4 6 7 
25 811 567 8 610 9 5 910 8 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
911 2 3 334 14 5 7 2 4 5 6 
25 811 567 8 610 9 7 8 910 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
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1011 2 3 334 14 6 7 2 4 5 6 
25 811 56710 5 8 9 7 8 910 
3 6 9 12 8 910 11 11 11 11 12 12 12 12 
4 7 10 
6.1.5. v=12, r=5, h7=2, i,=8, j7=2, n,=6, n,=8, n,=6, b=20 
111122733445566 
2 3 5 3 4 8 8 10 8 9 7 10 7 9 
11 4 6 5 6 9 12 11 11 12 11 12 12 11 
12 7 8 9 10 10 
6.2. (r, 1)-designs of types 0 and Gr 
6.2.1. v=lO, r=4, eh=6,f,=4, n4=4, nJ=6, n2=3, b=13 
1112 2 12345 6 
343 4 9 7878 7 
5 6 6 5 10 810 9 9 10 
7 8 9 10 
6.2.2. v=ll, r=4, h,=2, i7=9, n4=6, n,=6, n2=l, b=13 
111 12 2 2 3 3 44 5 5 
36 93 4 5 7 8 68 6 7 
4 7 10 6 7 8 11 10 11 9 10 9 
5 8 11 9 10 11 
6.2.3. v=12,r=5, e7=l,f7=6, 9,=2, i,=3, n5=2, n4=3, n3=6, nz=lO, b=21 
111246234567 
23357989898 
4 5 10 10 11 12 12 11 11 10 10 
6 7 11 12 12 
8 9 
6.2.4. v=12, r=8, bq=12, n4=3, n,=4, nz=36, b=43 
115 91 2 3 4 
26105 6 7 8 
3 7 11 9 10 11 12 
4 8 12 
134 H. Gropp 
6.3. (r, 1)-designs of types C+ and G+ 
6.3.1. u=12, r=6,f,=12, n,=3, n3=12,n,=12, b=27 
11 4 511 12 2 2 3 3 3 5 6 9 
2 7 646 8 4 511 4 6 7 71010 
3 9 8 5 7 11 8 9 12 12 9 8 10 11 12 
10 11 12 
2 14 51112 2 2 3 3 3 5 8 9 
2 7 64611 4 5 6 4 6 7 71010 
3 9 8 5 7 12 8 9 11 12 9 8 10 11 12 
10 11 12 
3123111223345569 
7 5 424 6 4 7 6 8 7 7 9 810 
8 6 10 3 5 11 8 11 9 12 12 10 11 10 12 
9 12 11 
4123111222334556 
8 5 44610 3 4 7 6 8 9 7 811 
9 6 7 5 7 12 11 8 9 9 10 10 11 12 12 
11 10 12 
6.3.2. v=12, r=7, d,=12, n4=3, n3=8, nl=24, b=35 
11 2 31123 6 7 8 9 
6 5 42445 8101011 
7 8 93567 9111212 
12 11 10 
2 12 31123 5 6 8 9 
6 5 4 2 4 4 7 7 10 10 11 
7 8 9 3 5 6 8 9 11 12 12 
12 11 10 
3 12 31123 5 6 7 8 
6 5 42447 911 910 
7 8 9 3 5 6 8 10 12 11 12 
10 11 12 
4 12 31123 4 5 710 
6 5 42468 6 8 911 
8 9 7 3 5 7 9 10 11 12 12 
12 10 11 
5 12 31123 4 5 710 
6 4 52468 6 8 911 
8 9 7 3 5 7 9 10 11 12 12 
12 11 10 
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6 12 31123 4 5 7 9 
7 4 52468 6 811 10 
8 9 6 3 5 7 9 10 11 12 12 
10 11 12 
7 12 31123 4 5 7 9 
6 4 52468 6 81110 
8 9 7 3 5 7 9 10 11 12 12 
12 11 10 
8 12 31123 7 7 8 9 
6 5 4 2 4 4 5 8 10 10 11 
7 8 9 3 5 6 6 9 11 12 12 
12 11 10 
6.3.3. v=lO, r=5, dg=8, e5=2, n4=2, nJ=8, nz=9, b=19 
1151234 12 3 4 
265678 6 5 8 7 
3 7 9 9 9 9 10 10 10 10 
4 8 
2151234 12 3 4 
265678 6 7 8 5 
3 7 9 9 9 9 10 10 10 10 
4 8 
6.3.4. v=ll, r=5,f,=8, g6=3, n4=2, n3=13, nz=4, b=19 
1151234 12 3 4 12 3 4 9 
265678 6 5 8 7 8 7 6 510 
3 7 9 9 9 9 10 10 10 10 11 11 11 11 11 
4 8 
2151234 12 3 4 12 3 4 9 
265678 6 7 8 5 8 5 6 710 
3 7 9 9 9 9 10 10 10 10 11 11 11 11 11 
4 8 
6.3.5. v=ll, r=5, e,=lO, gs=l, n4=5, n,=5, n,=lO, b=20 
1112 3 4 12 3 4 7 
255 6 7 910 5 6 8 
3 6 8 8 9 11 11 11 11 11 
4 7 9 10 10 
6.3.6. v=12, t-=6, e,=3,f,=6, g6=3, n4=3, n3=12, nz=12, b=27 
1112123457457456 
233101011 6 8 9 9 6 8 8 7 9 
4 6 8 11 12 12 10 10 10 11 11 11 12 12 12 
5 7 9 
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2112 12 3 4 5 6 4 5 7 4 5 7 
233101011 8 7 9 9 6 8 6 8 9 
4 6 8 11 12 12 10 10 10 11 11 11 12 12 12 
579 
3112 12 3 4 5 7 4 5 6 4 5 7 
233101011 6 8 9 8 7 9 9 6 8 
4 6 8 11 12 12 10 10 10 11 11 11 12 12 12 
5 7 9 
6.3.7. u=12, r-=6, e6=12,n4=6, n3=4, n2=18, b=28 
11512341234 
2656787865 
3 7 9 11 9 10 12 9 10 11 
4 8 10 12 11 12 
6.3.8. v=12,r=6, ds=lO, g6=2, n5=2,nJ=10,nz=16, b=28 
1161234512345 
2 7 6 7 8 9 10 7 6 9 10 8 
3 8 11 11 11 11 11 12 12 12 12 12 
4 9 
5 10 
21 6 12 3 4 5 12 3 4 5 
2 7 6 7 8 9 10 7 8 9 10 6 
3 8 11 11 11 11 11 12 12 12 12 12 
4 9 
5 10 
6.3.9. v=12, r=5, i,=12, n4=6, n3=8, nz=6, b=20 
115 12 3 4 11 22 3 3 44 
26567878785656 
3 7 9 11 9 10 12 11 10 9 12 10 11 9 
4 8 10 12 11 12 
6.3.10. v=9, r=4, cg=3, d5=6, n4=3, n3=4, n2=6, b=13 
11124456 
2335778 
4566899 
9 8 7 
6.3.11. v=ll, r=6, cg=5, d5=6, n4=4, n,=4, nz=19, b=27 
11 1236 6 7 8 
2 4 457 9 910 
3 5 7 8 8 10 11 11 
6 11 10 9 
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